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Abstract 

The notion of a complex hyperpolar action on a symmetric space of non-compact 
type has recently been introduced as a counterpart to the hyperpolar action on a 
symmetric space of compact type. As examples of a complex hyperpolar action, we 
V^ ' have Hermann type actions, which admit a totally geodesic singular orbit (or a fixed 

^*\ , point) except for one example. All principal orbits of Hermann type actions are 

curvature- adapted and proper complex equifocal. In this paper, we give some examples 
of a complex hyperpolar action without singular orbit as solvable group free actions 
•^ ' and find complex hyperpolar actions all of whose orbits are non-curvature-adapted or 

non-proper complex equifocal among the examples. Also, we show that some of the 
examples possess the only minimal orbit. 

> 

o 

^ ■ 1 Introduction 

C^^ I In symmetric spaces, the notion of an equifocal submanifold was introduced in [TT]. This 

r^ ■ notion is defined as a compact submanifold with globally flat and abelian normal bundle 

f^ . such that the focal radius functions for each parallel normal vector field are constant. 

However, this conditions of the equifocality is rather weak in the case where the symmetric 
spaces are of non-compact type and the submanifold is non-compact. So we [Koil,2] have 
recently introduced the notion of a complex equifocal submanifold in a symmetric space 
5^ I G/K of non-compact type. This notion is defined by imposing the constancy of the 

complex focal radius functions instead of focal radius functions. Here we note that the 
complex focal radii are the quantities indicating the positions of the focal points of the 
extrinsic complexification of the submanifold, where the submanifold needs to be assumed 
to be complete and of class C^ (i-e., real analytic). On the other hand, Heintze-Liu-Olmos 
[HLO] has recently defined the notion of an isoparametric submanifold with flat section 
in a general Riemannian manifold as a submanifold such that the normal holonomy group 
is trivial, its sufficiently close parallel submanifolds are of constant mean curvature with 
respect to the radial direction and that the image of the normal space at each point by 
the normal exponential map is flat and totally geodesic. We [Koi2] showed the following 
fact: 

All isoparametric submanifolds with Eat section in a symmetric space G/K of non- 
compact type are complex equifocal and that conversely, all curvature-adapted and com- 
plex equifocal submanifolds are isoparametric ones with Eat section. 
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Here the curvature- adaptedness means that, for each normal vector v of the submani- 
fold, the Jacob! operator R{-, v)v preserves the tangent space of the submanifold invariantly 
and the restriction of R{-,v)v to the tangent space commutes with the shape operator A^, 
where R is the curvature tensor of G/K. Furthermore, as a subclass of the class of complex 
equifocal submanifolds, we [Koi3] defined that of the proper complex equifocal submani- 
folds in G/K as a complex equifocal submanifold whose lifted submanifold to H^{[0, 1], g) 
(g := LieG) through some pseudo-Riemannian submersion of i/'^([0, 1],0) onto G/K is 
proper complex isoparametric in the sense of [Koil], where we note that H^{[0, 1],q) is a 
pseudo-Hilbert space consisting of certain kind of paths in the Lie algebra q of G. Let 
G/K be a symmetric space of non-compact type and H he a closed subgroup of G which 
admits an embedded complete flat submanifold meeting all i:f-orbits orthogonally. Then 
the /f-action on G/K is called a complex hyperpolar action. This action was named thus 
because this action has not necessarily a singular orbit (which should be called a pole 
of this action) but the complexified action has a singular orbit. Note that all cohomo- 
geneity one actions are complex hyperpolar. We [Koi2] showed that principal orbits of 
a complex hyperpolar actions are isoparametric submanifolds with flat section and hence 
they are complex equifocal. Conversely we [Koi5] have recently showed that all homo- 
geneous complex equifocal submanifolds occurs as principal orbits of complex hyperpolar 
actions. Let H' be a symmetric subgroup of G (i.e., there exists an involution o" of G 
with (Fixcr)o C H' C Fixer), where Fixer is the fixed point group of a and (Fixo")o is 
the identity component of Fix a. Then the i7'-action on G/K is called a Hermann type 
action. A Hermann type action admits a totally geodesic orbit or a fixed point. Except 
for one example, the totally geodsic orbit is singular (see Theorem E of [Koi5]). We [Koi3] 
showed that principal orbits of a Hermann type action are proper complex equifocal and 
curvature-adapted. We [Koi5] have recently showed that all complex hyperpolar actions 
of cohomogeneity greater than one on G/K admitting a totally geodesic orbit and all 
complex hyperpolar actions of cohomogeneity one on G/K admitting reflective orbit are 
orbit equivalent to Hermann type actions (see Theorems B, C and Remark 1.1 in [Koi5]). 
Let G/K be a symmetric space of non-compact type, = f + p (f := Lie^ftT) be the Cartan 
decomposition associated with {G,K), a be the maximal abelian subspace of p, o be the 
Cartan subalgebra of g containing a and g = f-|-a-|-n be the Iwasawa's decomposition. Let 
A, A and N be the connected Lie subgroups of G having o, a and n as their Lie algebras, 
respectively. Let n : G ^ G/K be the natural projection. The symmetric space G/K is 
identified with the solvable group AN with a left-invariant metric through ir\AN- In this 
paper, we first prove the following fact for a complex hyperpolar action without singular 
orbit. 

Theorem A. Any complex hyperpolar action on G/K{= AN) without singular orbit is 
orbit equivalent to the free action of some solvable group contained in AN. 

Next we give some examples of a complex hyperpolar action without singular orbit as 
the free actions of solvable groups contained in AN (see Examples 1 and 2 of Section 3), 
which contain examples of cohomogeneity one actions without singular orbit constructed 
by J. Berndt and H. Tamaru [BTl] as special cases (see also [B]). Among these examples, 
we find complex hyperpolar actions all of whose orbits are non-proper complex equifocal 
or non-curvature-adapted. As its result, we have the following facts. 



Theorem B. (i) For any symmetric space G/K of non-compact type and any positive 
integer r with r < rank(G/i^), there exists a complex hyperpolar action without singular 
orbit such that the cohomogeneity is equal to r and that any of the orbits is not proper 
complex equifocal. 

(ii) Let G/K be one ofSU{p, q)/S{U{p) x U{q)) {p < q), Sp{p, q)/Sp{p) x Sp{q) {p < 
q), S0*{2n)/U{n) (n : odd), E^^^ / Spin{l{)) ■ U {I) or F^^° /Spin{9). Then, for any pos- 
itive integer r with r < ian]i{G / K) , there exists a complex hyperpolar action without 
singular orbit such that the cohomogeneity is equal to r and that any of the orbits is not 
curvature- adapted. 

Also, among those examples, we find complex hyperpolar actions possessing the only 
minimal orbit. As its result, we have the following fact. 

Theorem C. For any irreducible symmetric space G/K of non-compact type and any 
positive integer r < [2 (rank(G/i<r) + 1)], there exists a complex hyperpolar action without 
singular orbit such that the cohomogeneity is equal to r and that the only orbit is minimal. 

2 Complex equifocal submanifolds 

In this section, we recall the notions of a complex equifocal submanifold and a proper 
complex equifocal submanifold. We first recall the notion of a complex equifocal subman- 
ifold. Let M be an immersed submanifold with abelian normal bundle in a symmetric 
space A^ = G/K of non-compact type. Denote by A the shape tensor of M. Let v G T^M 
and X G T^M (x = gK). Denote by 7„ the geodesic in A^ with 7^(0) = v. The strongly 
M-Jacobi field Y along 7^, with Y{Q) = X (hence y'(0) = -A^X) is given by 

^(«) = (^7.|[o., ° W: - sDZ o A,))iX), 

where ^^'(O) = VyY, P^^l is the parallel translation along 7i,|[o,s] and 1)^° (resp. D 
is given by 

Dsv =9*° cos{V^ad{sg~^v)) o g''^ 

resp. DZ=g,o '1_^ ' ^_* > > o g^ 

Here ad is the adjoint representation of the Lie algebra 3 of G. All focal radii of M along 
7t, are obtained as real numbers sq with Ker(Dg°^ — soDf^^ o A^) / {0}. So, we call a 
complex number zq with Ker(D^" — z^Df o A'^) 7^ {0} a complex focal radius of M along 
"fy and call dimKer(D^° — zqD^ o A^) the multiplicity of the complex focal radius zq, 
where A'^ is the complexification of Ay and -D^° (resp. Df ) is a C-linear transformation 
of {T^Nf defined by 

DZv = al ° cos(V^ad^(zo5;'«)) ° (5*)"' 
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resp. I)f; = g% o "-^ "^ o {g% 

' lad''(zo5f* V) 



where g% (resp. ad^) is the complexification of (7* (resp. ad). Here we note that, in the case 
where M is of class C^, complex focal radii along ^y indicate the positions of focal points 



of the extrinsic complexification M'^^^^ G^/K^) of M along the complexified geodesic 
"J^^y, where G^/K^ is the anti-Kaehlerian symmetric space associated with G/K and l is 
the natural immersion of G/K into G^/K^. See Section 4 of [Koi2] about the definitions of 
G^ /K^, M^{'-^ G^ jK^^ and 7f ^. Also, for a complex focal radius zq of M along 7„, we call 
ZQf (G (/T^MY'^ a complex focal normal vector of'M atx. Furthermore, assume that M has 
globally fiat normal bundle, that is, the normal holonomy group of M is trivial. Let u be a 
parallel unit normal vector field of M. Assume that the number (which may be and oo) of 
distinct complex focal radii along jij^ is independent of the choice of x G M. Furthermore 
assume that the number is not equal to 0. Let {r^^x \i = 1, 2, • • • } be the set of all complex 
focal radii along 7^)^, where |rj,^| < |rj+i,^| or "|rj,s| = \ri+i^x\ & Revi^^ > Rerj+i,^" or 
"\ri,x\ = \ri+i,x\ & Reri^a: = Rerj+i,^ & Imrj,^ = -Imrj+i^a; < 0". Let r, (i = 1,2,- ••) 
be complex valued functions on M defined by assigning ri^x to each x G M. We call these 
functions Tj (i = 1,2, • • • ) complex focal radius functions for v. We call riV a complex 
focal normal vector field for v. If, for each parallel unit normal vector field v of M, the 
number of distinct complex focal radii along 7^}^ is independent of the choice of x G M, 
each complex focal radius function for v is constant on M and it has constant multiplicity, 
then we call M a complex equifocal submanifold. 

Let N = G/K be a symmetric space of non-compact type and it be the natural pro- 
jection of G onto G/K. Let (g, 6) be the orthogonal symmetric Lie algebra of G/K, 
f = {X e 9\9{X) = X} and p = {X e Q\e{X) = -X}, which is identified with the 
tangent space T(,kN . Let ( , ) be the Ad(G)-invariant non-degenerate symmetric bilin- 
ear form of g inducing the Riemannian metric of N . Note that ( , )|fxf (resp. ( , )|pxp) 
is negative (resp. positive) definite. Denote by the same symbol ( , ) the bi-invariant 
pseudo-Riemannian metric of G induced from ( , ) and the Riemannian metric of N . Set 
0+ := P, 0- := f and ( , )g^ := -7r*_( , ) -^ 7r*^( , ), where 7rg„ (resp. 7r0_^) is the pro- 
jection of onto 0_ (resp. 0+). Let H^{\}i, 1],0) be the space of all L^-integrable paths 
u : [0, 1] ^ (with respect to ( , )g^). Let H^{[Q, 1],0-) (resp. -ff°([0, 1],0+)) be the space 
of all L^-integrable paths u : [0, 1] -^ 0_ (resp. u : [0, 1] -^ 0+) with respect to — ( , )|g_xg_ 
(resp. (, )|0+xg+). It is clear that ifO([0, 1], 0) =i7O([O,l],0_)ei7O([O,l],0+). Define a 
non-degenerate symmetric bilinear form ( , )o o( H^{[0, 1],q) by {u,v)q := L {u{t),v{t))dt. 
It is easy to show that the decomposition H°{[0,1],q) = iJ°([0, 1],0_) H°{[0,l],Q+) 
is an orthogonal time-space decomposition with respect to ( , )o. For simplicity, set 
H± := H^{[0,l],g±) and ( , )o,ho := -^lfo( , )o + tt^o ( , )o, where ttj^^o (resp. ttj^^o) 
is the projection of //"^([0, 1],0) onto H^ (resp. H^). It is clear that {u,v)Qfjo = 
JQ{u{t),v{t))Q^dt {u, V £ H^{[0,1],q)). Hence {H°{[0,1],q), { , )q^h") is a Hilbert space, 
that is, {H^{[0,l\,g), { , )o) is a pseudo-Hilbert space. Let H^{[0,1],G) be the Hilbert 
Lie group of all absolutely continuous paths g : [0, 1] -^ G such that the weak deriva- 
tive g' of g is squared integrable (with respect to ( , )g_j_), that is, g^^g' G i?''([0, 1],0). 
Define a map : H^{[0,l],g) ^ G by 0(u) = 3„(1) {u G H^{[0,l],g)), where gu is the 
element of -^^([0, 1], G) satisfying 5^(0) = e and guld'u — ^- We call this map the paral- 
lel transport map (from to 1). This submersion is a pseudo-Riemannian submersion 
of (i:/'''([0, 1],0), ( , )o) onto (G, ( , )). Let vr : G ^ G/K be the natural projection. It 
follows from Theorem A of [Koil] (resp. Theorem 1 of [Koi2]) that, in the case where 
M is curvature adapted (resp. of class C^), M is complex equifocal if and only if each 
component of (vro (/))~^(M) is complex isoparametric. See [Koil] about the definition of a 



complex isoparametric submanifold in a pseudo-Hilbert space. In particular, if each com- 
ponent of (vr o (f))~^[M) are proper complex isoparametric, that is, for each normal vector 
V, there exists a pseudo-orthonormal base of the complexified tangent sapce consisting of 
the eigenvectors of the complexified shape operator for v, then we call M a proper complex 
equifocal submanifold. 

Next we recall the notion of an infinite dimensional anti-Kaehlerian isoparametric sub- 
manifold. Let M be an anti-Kaehlerian Fredholm submanifold in an infinite dimensional 
anti-Kaehlerian space V and A be the shape tensor of M. See [Koi2] about the definitions 
of an infinite dimensional anti-Kaehlerian space and anti-Kaehlerian Fredholm subman- 
ifold in the space. Denote by the same symbol J the complex structures of M and V. 
Fix a unit normal vector v of M. If there exists X{^ 0) G TM with A^X = aX + 6JX, 
then we call the complex number a + b^/—l a J -eigenvalue of A^ (or a complex principal 
curvature of direction v) and call X a J- eigenvector for a + b\/—l. Also, we call the space 
of all J-eigenvectors for a + b\/—l a J-eigenspace for a + b\/—l. The J-eigenspaces are 
orthogonal to one another and each J-eigenspace is J-invariant. We call the set of all J- 
eigenvalues of A^ the J-spectrum of A^ and denote it by SpecjTlt,. The set SpecjA^ \ {0} 
is described as follows: 

SpecjA\{0} = {Ai|i = l,2,---} 

|Aj| > |Ai+i| or "|Aj| = |Ai+i| & ReAj > ReAj+i" 
or "I Ail = lAj+il &: ReAj = ReAj+i & ImAj = — ImAj+i > 0" 

Also, the J-eigenspace for each J-eigenvalue of A^ other than is of finite dimension. We 
call the J-eigenvalue Aj the i-th complex principal curvature of direction v. Assume that 
M has globally flat normal bundle. Fix a parallel normal vector field v of M. Assume 
that the number (which may be cxd) of distinct complex principal curvatures of direction 
Vx is independent of the choice of x G M. Then we can define functions Aj (i = 1, 2, • • • ) 
on M by assigning the i-th complex principal curvature of direction Vx to each x G M. 
We call this function Aj the i-th com,plex principal curvature function of direction v. If M 
satisfies the following condition (AKI), then we call M an anti-Kaehlerian isoparametric 
submanifold: 

(AKI) For each parallel normal vector field v, the number of distinct complex principal 
curvatures of direction Vx is independent of the choice of x G M, each complex principal 
curvature function of direction v is constant on M and it has constant multiplicity. 

Let {ei}'?2^i be an orthonormal system of TxM. If {cj}^]^ U { Jej}^;^ is an orthonormal 
base of TxM, then we call {cj}^^ a J-orthonormal base. If there exists a J-orthonormal 
base consisting of J-eigenvectors of A^, then A^ is said to be diagonalized with respect to 
the J-orthonormal base. If M is anti-Kaehlerian isoparametric and, for each v G T M, the 
shape operator A^ is diagonalized with respect to a J-orthonormal base, then we call M a 
proper anti-Kaehlerian isoparametric submanifold. For arbitrary two unit normal vector 
vi and V2 of a proper anti-Kaehlerian isoparametric submanifold, the shape operators A^-^ 
and Ay2 ^^^ simultaneously diagonalized with respect to a J-orthonormal base. Let M 
be a proper anti-Kaehlerian isoparametric submanifold in an infinite dimensional anti- 
Kaehlerian space V. Let {Ei | i G J} be the family of distributions on M such that, for 
each X G M, {Ei{x) | i G /} is the set of all common J-eigenspaces of A^'s {v G T^M). The 

relation TxM = © Ei holds. Let Aj (i G /) be the section of (T^M)* (g) C such that A^ = 
iei 



ReAj(w)id + lm.Xi{v)J on £'j(7r(f)) for each v G T M, where tt is the bundle projection 
of T-^M. We call Aj {i G /) complex principal curvatures of M and call distributions Ei 
{i G /) complex curvature distributions of M. 

In the case where M is a real analytic submanifold in a symmetric space G/K of non- 
compact type, it is shown that M is complex equifocal if and only if (vr^ o (j)'^)^^ (^M^) is 
anti-Kaehlerian isoparametric, where tt'^ is the natural projection of G^ onto G^ /K^ and 
(jf is the parallel transport map for G^ (which is defined in similar to the above (p). Also, 
it is shown that M is proper complex equifocal if and only if (tt*^ o (f)'^)~^ {M'^) is proper 
anti-Kaehlerian isoparametric. 

3 Proof of Theorems A and B 

In this section, we first prove Theorem A. 

Proof of Theorem A. Let H he Si complex hyperpolar action on G/K{= AN) without 
singular orbit, H = LR (L : semi-simple, R : solvable) be the Levi decomposition of 
H and L = KlA^Nl {Kl '■ compact, Al '■ abelian, Nl '■ nilpotent) be the Iwasawa 
decomposition of L. Since Kl is compact, it has a fixed point po by the Cartan's fixed 
point theorem. Suppose that Kl ■ p (f_ A^NlR ■ p for some p £ G/K. Then we have 
dmiH ■ po < dimH ■ p, which implies that H ■ po is a singular orbit. This contradicts the 
fact that the i7-action has no singular orbit. Hence it follows that Kl -p C A^NlR- p for 
any p £ G/K. Therefore we can show that the ^iA^^^i^-action has the same orbits as the 
i7-action. The group A^NlR is decomposed into the product of some compact subgroup 
T' and some solvable normal subgroup S" admitting a maximal compact normal subgroup 
S'^ contained in the center of S' such that S' / S'^ is simply connected (see Theorem 6 of 
[Ma]). Since T' is compact, it is shown by the same argument as above that the S"-action 
has the same orbit as the A/, A/, i?- action (hence the ii^-action). Take any p G G/K and any 
g E S' with 5 / e. Since S' acts on G/K effectively, there exists pi G G/K with g{pi) / pi. 
The section Ep^ through pi is mapped into the section ^g(pj^) through g{pi) by g. Since 
the S"-action has no singular orbit, we have Sp^ n '^g(pi) = 0- Let q be the intersection of 
H ■ p with Sp^. Then g{q) is the intersection oi H ■ p with S^j-p^). Hence we have g{q) ^ q. 
Therefore S' acts on each i:/"-orbit effectively. Since the isotropy group S'p of S' at any 
p G G/K is compact, it is contained in a conjugate of 5"^ (see Theorem 4 of [Ma]). Hence 
S' is contained in the center of S' . Therefore, since the S"' -action has a fixed point p and it 
is effective, it is trivial. Thus the S"-action is free. Let s' := LieS" (the Lie algebra of S'), 
s' be a maximal solvable subalgebra of q containing s' and S' be the connected subgroup 
of G with Lie 5" = s'. Since 3 is a real semi-simple Lie algebra and s' is a maximal solvable 
subalgebra of g, s' contains a Cartan subalgebra a' of g. Let t' (resp. a') be the toroidal 
part (resp. the vector part) of a'. There exists a Cartan decomposition g = f'-|-p' of g with 

t' C f and 0' C p'. Let g = go + Yl 0a '^^ ^^^ ^°°^ space decomposition with respect to 

AeA' 

a' (i.e., go is the centralizer of 0' in g and g^ = {X G g | ad(a)(A) = A(a)A for all a G 0'} 
and A' = {A G (0')* \ {0} | g';^ / {0}}). Let n' := ^ g^, where A'_,_ is the positive root 

AeAY 
system with respect to some lexicographic ordering of a'. The algebra a' -|-n' is a maximal 
solvable subalgebra of g. According to a result of [Mo], we may assume that s' = 0' -|- n' 



by retaking a' if necessary. By imitating the proof of Lemma 5.1 of [BTl], it is shown that 
a' is a maximal abehan subspace of p' because the S"-action has flat section. There exists 
g eG satisfying Ad(g')(f ) = f, k(l{g){p') = p, k(l{g){a') = a and k(i{g)(a') = a, where Ad 
is the adjoint representation of G, a and o are as in Introduction. Let s := Ad((7)(s') and 
S be the connected subgroup of G with LieS" = s. Since the 5-action is conjugate to the 
S"-action and S C AN , we obtain the statement of Theorem A. q.e.d. 

Let a be a maximal abelian subspace of p. Fix a lexicographic ordering of a. Let 

S = 0o+S0A5p = ci+ Yl Pa and f = fo + Yl fA be the root space decompositions 

agA AeA+ agA+ 

of 0, p and f with respect to o, where we note that 

Q\ = {X e q\ a,d{a)X = \{a)X for ah a G a} (A G A), 

p;^ = {X G p I adlafX = \{afX for all a G a} (AG A+), 

f;^ = {X G f I a.d{afX = \{afX for all a G a} (A G A+ U {0}). 

Also, let = f + a + n be the Iwasawa decomposition of g and G = KAN be the corre- 
sponding Iwasawa decomposition of G, where we note that n = ^ 0a- Now we shall 

AeA+ 
give examples of a solvable group contained in AN whose action on G/K{= AN) is com- 
plex hyperpolar. Denote by tt the natural projection of G onto G/K. Since G/K is 
of non-compact type, vr gives a diffeomorphism of AN onto G/K. Denote by ( , ) the 
left-invariant metric of AN induced from that of G/K by t:\an- Also, denote by ( , )^ 
the bi- invariant metric of G inducing that of G/K. Note that ( , ) 7^ i*( , ) , where i 
is the inclusion map of AN into G. Let / be a r-dimensional subspace of -|- n and set 
5 := (a -|- n) /, where (a -|- n) / denotes the orthogonal complement of /in -|- n with 
respect to ( , )e, where e is the identity element of G. If s is a subalgebra of a -|- n and 
Ip := prp(l) (prp : the orthogonal projection of g onto p) is abelian, then the S'-action 
[S := exp(^(s)) is a complex hyperpolar action without singular orbit. We shall give 
examples of such a subalgebra s of a + n and investigate the structure of the S'-orbit. 

Example 1. Let b be a r(> l)-dimensional subspace of a and Sfa := (a -|- n) b. It is 
clear that bp(= b) is abelian and that S[, is a subalgebra of a -|- n. Hence the S'b-action 
(S't, := exp(^(sb)) on G/K is a complex hyperpolar action without singular orbit. 

Example 2. Let {Ai,--- , A^} be a subset of a simple root system 11 of A such that 

i?Ai ■,■■■■, H\^ are mutually orthogonal, b be a subspace of a0 Spanji^Ai , • " " ) H\^} (where 

b may be {0}) and 4 (^ = 1, • • • ) fe) be a one-dimensional subspace of R^a^ + 0Ai with 

li 7^ TiH\., where Hx. is the element of a defined by (Hx.,-) = Xi{-) and TlHxi is the 

k 
subspace of spanned by Hx^. Set / := b + ^ 4- Then, it follows from Lemma 3.1 (see 

i=l 

the below) that Ip is abelian and that St,,ii,... ,ij. := (a-|-n) / is a subalgebra of a-|-n. Hence 
the Sbji,-,if.-action (Sbj^^-^if. ■= expQ^Sbj-^,-,!,.)) on G/K is a complex hyperpolar action 
without singular orbit. 

Lemma 3.1. Let I and Sb,Zi,---,Zj. be as in Example 2. Then Ip is abelian and Sbji,--- ,1,. is a 
subalgebra of a + n. 



Proof. Let H £ b and Xj G 4 (i = 1, • • • , A;). Since Xi{H) = and {Xi)p G R-f^A, © pA;, 
we have [H, {Xi)p] = 0. Fix i,j£{l,---,k}{i^j). Since Aj and Xj are simple roots and 
(Hx.jHx) = 0, we have [(-'^i)p, (-'^jOp] = 0. Thus Ip is abehan. Let V,W G St,,/i,. ..,!;.. Since 

k k 

SMi,-A = (a©(t'+ER^Aj)©( E 0A)©(E((R^A,+0Aje4)),l^andVFare 

j=l AeA+\{Ai,--,Afc} i=l 

k k 

described as y = yo+ E 16^ + E ^i and VF = Wo+ E V^A+E^i, 

AeA+\{Ai,-,Afc} i=l AeA+\{Ai,-,Afc} i=l 

k 

respectively, where Vo, Wq G a©(b+E R^aJ, Vx, Wx £ 0a and Vi, Wi G (Ri:fA,+0A,)©4- 
Easily we have 

A,MeA+\{Ai,-,Afe} 

k k k 

+ E E([^^'^*] + [^-^^])+EE[^-^^-] (mod s,,t,.,J. 

AeA+\{Ai,-,Afc}i=l i=lj=l 

Since Ai,--- , A^ are simple roots, [Vx.VF^], [VajVFj], [Fi,VFA] and [Vi,Wj] {X, fi G A+ \ 
{Ai,--- ,Xk}, I <i,j < k) belong to Si,,k,...j^. Therefore we have [F, W^] G Sb,Zi, ...,[;,. Thus 
Sb,ii,-ik is a subalgebra of a + n. q.e.d. 

For the orbit S'[,,;i,...,i^ • e, we have the following facts. 

Lemma 3.2. Lct5b,k,-,i,^ be as in Example 2, ^q G b, ^^^^ := cosh(|A,|t,) '^'~^ tanh(|Aj|tj)gA, 
be a unit vector ofli(i = l,---,k), where ^* is a unit vector of 0a-. Denote by A the shape 
tensor of the orbit Sb^ii^—^if. ■ e (c AN). Then, for A^^ and Ah , the following statements 
(i) ~ (vii) hold: 

k 

(i) For X G a © (b + E R-^aJ, we have A^„X = A,^ X = (i = 1,- ■ ■ ,k). 

i=\ ^ 

(ii) ForX G Ker(ad(f )|g^,)eRf , weliaveyl^„X = and yl« X = -|Ai| tanh(|Ai|ti)X. 

(iii) Assume that 2Aj G A+. For X G 02a,, we iiave A^g ( [0^* , X] ) = and 

A^j X = -2|A,|tanh(|A,|t,)^-- -1-— [^f,X], 

^*i 2cosh(|Aj|tj) 

A^.{[ee,X]) = i^f^x - |A,|tanh(|A,|t,)[0r,X], 

where 9 is the Cartan involution of q with Fix6 = f. 

(iv) For X G (R^* + R^^aJ © k, we have A^^X = and A^^ X = -|Aj| tanh(|Ai|tj)X. 

(v) ForX G (0A,eReO + ((Re^+Ri:fA,)©/i)+02A, (j / i), wehaveA^,X = A^.X = 0. 
(vi) For X G 0^ f^u G A+ \ {Ai, • • • , Xk]), we have A^^X = fi{^o)X. 

(vii) Let ki := exp ( —^ {S,^ + 6*.^*) j , where exp is the exponential map of G. Then 

Vv2|Aj| / 

k 

Ad(/cj) o Am = —Am o Ad(/cj) holds over n © E (SAj + 02Aj)> where Ad is the adjoint 

*» *» i=i 

representation ofG. 



Proof. Let pri_,_„ (resp. pr„^„) be the projection of q onto a + n with respect to the 
decomposition g = f + (a + n) (resp. = (fo + Yl Pa) + (a + n)), pr^ (resp. prp) be the 

AGA+ 

projection of g onto f (resp. p) with respect to the decomposition g = f + p and prji^ be 

the projection of g onto fo with respect to the decomposition g = fo + (fl + Y2 0a)- Then 

AeA 
we have 

(3.1) prp o pri+„ = prp and pr^ o pr^_^„ = pr^ - prj,,. 

Let H e a, Ni,N2 G n and E G gA (A G A+). Denote by ad{H)* (resp. ad(^)*) the 
adjoint operator of ad{H) (resp. ad(£')) : o + n ^ a + n with respect to ( , )e- Easily we 
can show 

(3.2) ad{H)* = ad{H). 

For simplicity, we denote pr^(-) (resp. prp(-)) by (•)f (resp. (•)p). From (3.1) and the 
skew-symmetricness of ad(-) with respect to ( , )g , we have 

{ad{E)NuN2)e = (ad(i?f)((iVi)p) + ad(i?p)(((iVi)f), {N2)p)f 

= -{{N,)„ ad{E^){iN2)p))f - ((iVi)f, ad(i?p)((iV2)p))f 
= -((iVi)p, (pri+„(ad(^f)iV2))p)f 

-((iVi)f, (pr'„+„(ad(i?p)iV2))f + prf„(ad(i?p)iV2))f 
= -(iVi, prJ,+„(ad(i5;f)iV2))e + (iVi, pr2+„(ad(i5;p)iV2))e 

and hence 

pr„(ad(i5;)*iV2) = pr„(-pri+„(ad(i?f)iV2) + pr2+„(ad(^p)iV2)), 

where pr„ is the projection of o + n onto n. Also, we have 

{ad{E)H,N2)e = -X{H){E,N2)e = -{H, {E,N2)eHx)e 

and hence pi ^{ad{E)* N2) = —{E, N2)eHx, where pr^j is the projection of + n onto a. 
Also, we can show ad{E)*H = 0. Therefore, we have 

on a 

(3.3) ad{Er={ -(i?,.)e0FA-pr„oprJ,+„oad(i5;f) 

+Prn ° P^a+n ° ad(£^p) 



On the other hand, according to the Koszul's formula, we have 

{A^x,Y)e = \ (([x,y],e)e - {[Y,iix), + ([e,x],y)e) 

= ]^{{ad{i) + ad{0*)X,Y), 

k 

k- e) = St,,ii,...,Zfe and any ^ G T^{Si,ji,...,i^ • e) = b + ^ 4. That 



for any X,y G Te(, 


Sb,li,- 


■,k-e) = 


is, we have 






(3.4) 




A^ 



i=l 



lprro(ad(e) + ad(e)*). 



where prj- is the orthogonal projection of a + n onto Sb,ii,...,ij.. From (3.2) and (3.4), we 
have 

r (XGst,,i,,...,i,e Yl 0^) 

where /x G A_|_ \ {Ai, • • • , X^}- From (3.3) and (3.4), we have 

k 
A..X = (XeaQib + y^KHx,)). 

i=l 

Set 0^. := Ker(ad(e^)|0,p and 0i^. := Im(ad(^^^)|g,,p (i = 1, • • • ,k). Then we have 
Qx = Qx- ©si • ^y simple calculations, it is shown that this decomposition is orthogonal 
with respect to ( , )e. If X G 0f, e R^^ then it follows from (3.2), (3.3), (3.4), Aj, A^ G U 
and {Hxi,Hxj) = (when i / j) that 

A Y-i -\K\tanh{\Xi\ti)X {i = j) 
«*i "I {^^J). 

If X G 02A,, then it follows from (3.2), (3.3), (3.4), Ai, A^ G U and {Hx^,Hx^) = (when 
i j^ j) that 



Am X = ( 



-2|A.|ta„h(|A.|*.)X-^-jip^[ef,Xl (i = ,) 
(i^j)- 



Also, we have 



A,. m\X]) = i^fLx - |A,| tanh(|A,|t,)[er,X]. 

*» cosh(|Aj|rjj 

Let X := tanh(|Aj|tj)^-' + \x\cosh(\x-\t-) ^^j^ which is a unit vector of (R^-' + Ri^Aj) ^j- 
From (3.2), (3.3), (3.4), Aj, Aj G U and {Hx^,Hx^) = (when i / j), we have 

A^. X = -i|A,| tanh(|A,|t,)X + —-^r^-j-wA^dieT X) 
^H 2 2cosh(|Aj|ti) 

-J_ tanh{\Xi\U)prTis.diHxrX) 

2|Ai| 

-|Aj|tanh(|Ai|tj)X (i = j) 
(i/i). 

This completes the proof of (i) ~ (vi). Finally we shall show the statement (vii). Let 

k 

X e nQYl (SAi +S2aJ and ki be as in the statement (vii). From (3.2), (3.3), (3.4), Xj G 11 

i=l 

(j = 1, • • • ,k) and {Hx^,Hx^) = (when i / j), we have 
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By operating Ad{ki) to both sides of this relation, we have 

Ad{ki){A.^ X) = -A.^ {Ad{ki)X), 

where we use Ad{ki){S,p) = —Cp ^-iid Ad{ki){Hxi) = —Hx-. Thus the statement (vii) is 
shown. q.e.d. 

Also, we have the following fact. 

Lemma 3.3. Let Sb,/i,-..,;j. be as in Example 2 and k he the orthogonal projection of k 

k _ 

onto Qxr Set St,j^ ... 4 := (0 + n) (b + ^ 4) and ^j,;^,... ,4 := exp^lsj,!^ ... jj. Then the 

i=l 

S't,!^... j^ -action is conjugate to the S^^ii,.-- ,i^-action. 

Proof. Denote by V the Levi-Civita connection of the left-invariant metric of AN. Let H 
be a vector of b, ^* be a unit vector of 4 (i = 1, • • • , fc) and 7^^ be the geodesic in AN with 
7^i(0) = ^*. Let ti be a real number with coshdAlt-l ^^ ~ tanh(|Ai|tj)iJAi (^ k {i = I,- ' ' :k). 
Denote by the same symbols H, ,^* and Hx^ the left-invariant vector fields arising from 
H, ^* and Hx^, respectively. By using the relation (5.4) of Section 5 of [Mi] (arising the 
Koszul formula for the left-invariant vector fields), we can show 

v^^e = \^i\Hx„ v^iHx, = -\xi\e 

V^.e = V^.F = VH.^e = V^.^e = ^H.^Hx, = Vh,^H = 0, 

where i = 2,--- ,k. From V^i^^ = \Xi\Hx„ V^iHx, = -\Xi\e, ^H.^^ = ^ H^Hx, = 0, 
it follows that expR{^^, i^Ai} is a totally geodesic subgroup of AN. Hence 7^1 (t) is 
expressed as 7^1 (t) = a{t){Hxj^)j -^(t) + b{t){C^)'y i{t)- Furthermore, we have V-y^7^i = 
(a' -I- \Xi\b'^)Hxi + {b' — lAilafe)^-*^ = 0, that is, a' = — |Ai|&^ and b' = |Ai|a6. By solving 
this differential equation under the initial conditions a(0) = and 6(0) = 1, we have 
a{t) = -tanh(|Ai|t) and b{t) = ^h^eWRJ- ^ence we obtain 7^1 (t) = eosh(|Ai | t) (^^)7gi W " 
tanhi\Xi\t)iHx,)^^,it)- From V^if = V^iH = Vh.^C = "^H.^H = (i = 2, • • • , fc), it 
follows that .^* {i = 2, • • • , A;) and H are parallel along 7^1 (with respect to V). Denote 
by P^ i\u)t\ ^^^ parallel translation along 7^i|[o,t] (with respect to V) and L^ ^(t) the left 
translation by 7gi(t). From the above facts, we have 

k k 

i=l i=2 

which implies 7^i(ii)~^5'[,jj... 7^ 7^1(^1) = 'S'b,iij2,--- ,4- ^y repeating the same discussion, 
we obtain 

(75i(ti)---7^fc(tfc))-iS'(,j^^...j^(7^i(ti)---75fe(tfc)) = Sb,k^...,i^. 
Thus the 5j, j^ ... |^-action is conjugate to the 5'b,ii,... ^^^-action. q.e.d. 

For parallel submanifolds of a proper complex equifocal submanifold and a curvature- 
adapted complex equifocal submanifold, we have the following facts. 
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Lemma 3.4. (i) All parallel subnianifolds of a proper complex equifocal submanifold are 
proper complex equifocal. 

(ii) All parallel submanifolds of a curvature-adapted complex equifocal submanifold 
are curvature-adapted and complex equifocal. 

Proof. First we shall show the statement (i). Let M be a proper complex equifocal 
submanifold in a symmetric space G/K of non-compact type and v be the parallel normal 
vector field of M which is not a focal normal vector field. Denote by ij^ the end-point 
map for v and My := r]^{M), which is a parallel submanifold of M. The vector field ■;; 
is regarded as a parallel normal vector field of the complexification M^ along M. Let 
v^ be the horizontal lift of v to H^{[0, 1],9^) by the anti-Kaehlerian submersion ir^ o (p^ : 
iJ°([M], S'^) -^ C'/J^, which is a parallel normal vector field of M^(:= (vr^ o^'^j^M^)). 
Set M^yL := 7]^l{M'^), where 7]^l is the end-point map for v^. Note that M^^l = 
(7r^o0'^)~^((M:^)'^). Denote by A and A" the shape tensors of M^ and M^^l, respectively. 
Let {Xi\i £ 1} he the set of all complex principal curvatures of M'= and Ei be the complex 
curvature distribution for Aj. Then, according to Lemma 3.2 of [Koi4], we have 

{Xi)u{w) 



(3.5) Al |(s^)„ = ^^^^Ziii_^id {iel,ue M-yL 



where we note that T„ iy\M^^L = TuM^{= © (Ei)^). This implies that M'^^l is proper 

anti-Kaehlerian isoparametric, that is, M^ is proper complex equifocal. Thus the statement 
(i) is shown. Next we shall show the statement (ii). Let M be a curvature-adapted 
complex equifocal submanifold in G/K and v be the parallel normal vector field of M. 
Set My := r]y{M). Denote by A and A^ the shape tensors of M and My, repsectively. Let 
w G T^M. Without loss of generality, we may assume that x = eK. Let a be a maximal 
abelian subspace of p := TexiG/K) containing T^M and p = a + Yl Pa be the root 

aGA+ 

space decomposition with respect to a. Let X £ Ker{Ay — Aid) n Ker{Aw — ^id) n pa 
(A G SpecA^,, n £ Spec^u,, a £ A+). Let w be the parallel tangent vector field on the 
(flat) section S of M through eK with Wex = w- Since My is regarded as a partial tube 
over M, it follows from (ii) of Corollary 3.2 in [Koi3] that 

(^')^.,(eK) ((^)*^) = ^(,)-ALnh«(.) ^-"^"^"(^^ *""^ "^") 

^ ' , / tanhQ(i;)\ , , , . xw ^ 

-|-A 1 — a{w) + ^tanh a{v)\{riy)^X. 

V Oi{v) J 

Let Z be the element of p with expg(Z)i^ = rjy{eK). For simplicity, set g := expg(Z). 
Since (/* : p ^ T^^/^^AG/K) is the parallel trnaslation along the normal geodesic 7z('^ 

def 

Izit) •= 6xp(^(tZ)i^), it follows from (3.1) of [Koi3] that 

{r^^X = g^iDl^iX) - Dl^AyX)) 

/ , , , _ sinh a(v) \ 
= cosh a{v) - A — g^X G g^p^- 

Also, we have Q^'^ {T^^(^^j^)My) = T^-^M C a. Hence we have R{{r]y)^X,Wj^^(^eK))wr,~{eK) = 
— a(tt;)^(r7^)*X, which together with (3.6) implies 
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Therefore, it follows from the arbitrariness of X that [(^^){^ ,i?(-,it;^-j(ex))^fj75(eii:)] 

vanishes over (r7jy)*(Ker(^j, — Aid) nKer(yl^ — /uid) npa). Since M is curvature-adapted, 
we have 

© © © (r?^)*(Ker(Aj, - Aid)nKer(^^ -^id)npa) =r^^(e^)M^. 

Hence we have [(^^){s ^(g^^,-R(•,^i',7~(eX))^J75{eX)] = 0- Therefore, it follows from the 
arbitrariness of w that M^ is curvature-adapted. It is clear that M^ is complex equifocal. 
Thus the statement (ii) is shown. q.e.d. 

For the 5[,-action and the St,,/i,...,ij.-action, we have the following facts. 

Proposition 3.5. (i) All orbits of the S^-action are curvature-adapted but they are not 
proper complex equifocal. 

(ii) Let Ai, • • • , A^ (g A+) be as in Example 2. If the root system A of G/K is non- 
reduced and 2Aig G A_|_ for some io £ {I,- " > k}, then all orbits of the S),^i^^... ^i^-action are 
not curvature- adapted. Also, ifh ^ {0}, then they are not proper complex equifocal. 

Proof. First we shall show the statement (i). The group S^ acts isometrically on {AN, ( , )). 
Denote by A the shape tensor of the orbit S'b • e in AN . Since ( , ) is left-invariant, it 
follows from the Koszul formula that {A^X,Y) = {a.d{v)X,Y) for any v (^ I = T^{Sii • e) 
and X,Y £ $ = Te(S'b • e). Hence we have ^i,|aei = and Ay\g^ = A(f)id (A G A+), 
where v G T;!-{Si, • e) = /(c p). Therefore, the orbit S't, • e is curvature-adapted but it is 
not proper complex equifocal by (ii) of Theorem 1 of [Koi2] . Hence so are all orbits of the 
Sb-action by Lemma 3.3. 

Next we shall show the statement (ii). Assume that the root system A of G/K is 
non-reduced. Denote by A the shape tensor of the orbit 3^,^^^^... ^^^ ■ e(c AN). Also, let 
^0 G b and Qi '■= cosh(|A,|f,) ^' ~ ]i;y tanh(|Aj|ti)i?A, {€ G 0aJ be a unit (tangent) vector of 
Ii. Then, according to Lemma 3.2, we see that 

^Ism = /"(^o)id (/u G A+ \ .U^{AJ), 

^5j,lKcr(ad(e)|B^ )eRe ~ " 1^1 tanh(| Aj|tj)id 
^Q l(R5«+R//;^.)e4 = -|Ai| tanh(|Aj|ti)id 

and that, in case of 2Aj G A+, Ac^ |im(ad(e^»)| )+02a ^^^ *^° eigenvalues 



1, 



fij := --|Ai|tanh(|Ai|ti) + -|Aj|y'2 - tanh {\Xi\ti 

and 

3 1 

^~ := --|Ai|tanh(|Ai|ti) - -|Aj|'y/2 - tanh^(|Aj|ti 
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with the same multiphcity. Note that qx. = Ker(ad(^*)|g^,) © Im(ad(6',^*)|g2;,.)- The 
eigenspace for fif (resp. /i~) is spanned by 

Z+y := [9e,Y] + |A,| (smh{\Xi\ti) - ^Jsmh^{\Xi\U) + 2] Y's {Y G Q2xJ 

(resp. Z-y := [9e,Y] + |A,| TsinhdA^Iti) + ^sinh2(|A-|tO + 2^) Y's {Y G 02aJ)). 

Denote by R the curvature tensor of ( , ). Also, denote by Xf (resp. Xp) the f-component 
(resp. the p-component) of X G g. Then we have 

[R{Zpy,QJQ^)^ = -a[[(Z±^)p, (eUp], (eUp] 
(3-8) ' = ai-[[Zpy,^l],Q^]p + [[(Z±^)f, (eUf], (eup] 

+[[(^|,y)f, (eup]' (eUf] + \[izp^y)p, mf], mf]) 

for some non-zero constant a, where we note that a = 1 if the metric of G/K is induced 
from the restriction of the Kilhng form of g to p. Also we have 

(3.9) mzf.y),.ie,.H,is:)f] = o. 

(3.10) iP,V)- «;.),]. (s.)p1 = - |A!l^(wt.) "i^^'^i'-^>i'^>.' 

and 

(3.11) [[{zp^y)f,m,],mf] = '^i^Miilitf^ "'^^'^]^'^^]- 

Let rj (resp. f/) be the element of a + n with ryj = [[^C*) ^IfjCI] (resp. fjp = [[9^\Y]p,R]). 
Then it follows from (3.8) ~ (3.11) that 



that is, 

(3.12) RiZp^y, CiM = -[[Z$,y^ eij, ^U + "'^.tcA'l^)''^^ ^^^ + ^^^ 

We have [C*,^C*] = ^-^^A^ for some non-zero constant b. By simple calculation, we have 

(3.13) = 2\Xi\ tanh2(|Ai|t,) f — MM^ + sinh(|A,|ti) T A/sinh2(|A,|ti) + 2") y 

V smh(|Ai|ti) V y 

+ tanh2(|A,|t,)[ee,y]. 

From (3.12) and (3.13), it follows that R{Z^,y,QjCi belongs to Imad(6'f ) ©02Ar Hence 
R{--,Cti)iti preserves lmad(0^*) © 02Ai invariantly. It is clear that so is also Ah . From 
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(3.12) and (3.13), we have [R{-,QJQ^, A^i ]|imad(6»5»)e02A t^ ^' wilder a suitable choice of 
ti. Therefore, S'b,ii,...,ij. • e is not curvature-adapted under suitable choices of h,--- , Ik- 
Then, so are all orbits of the S'b^ij^...^;^. -action by Lemma 3.4. Furthermore, it follows 
from Lemma 3.3 that all orbits of the S'b^ij^...^;^. -action are not curvature-adapted under 
arbitrary choices of h,- ■ ■ ,4. Also, it follows from the second relation of (3.7) that 
'S'fa,ii,--- ,ij. • e (hence all orbits of the 3^,^^^^... ^^^-action) is not proper complex equifocal in case 
ofV/'{0}. ' ' ' q.e.d. 

From this proposition, we obtain the statements of Theorem B. Also, we have the 
following fact. 

Proposition 3.6. Ifb = {0}, then the Sb^i^^,--- jf.-ciction possesses the only minimal orbit. 

Proof. According to Lemma 3.3, the Sbj^,-,i^.-a,ction is conjugate to S'f,]^ ... j^-action, 
where k is the orthogonal projection of k onto 0;^-. Hence they are orbit equivalent to 
each other. Hence we suffice to show that the statement of this proposition holds for 
the 5j,|j ... J - action. Let ^* be a unit vector of k- Take p £ AN. We can express as 
P — 751(^1) ■ ■ ■ le'^i'tk) for some ti, • • • , tj^ G R, where 7^1 is the geodesic with 7^1 (0) = ^*. 
Set I := R{ cosh(|A,|t,) ^' ~ ■|i-|tanh(|Ai|tj)i7Aj {i = I,--- ,k). For simplicity, set Q, ■= 
coshflAlt-'i '^^ ~ Jxl tanh(|Aj|ti)i:fAi- According to the proof of Lemma 3.3, we have 



(751 (ti) • • • 7^fc (tk)) ^S^,j^... j^(7^i (ti) • • • 7^fc(tfc)) = S'j,^^ 



,'fc' 



Hence the orbit S^^ |^ ... | • p is congruent to the orbit S^^ I ... I " ^- Denote by A the shape 
tensor of S*. ^ ^ • e. According to Lemma 3.2, we have 

TtAh = -|Aj|tanh(|Aj|tj) X (dimflAi + 2dim02Aj (i = l,---,^)- 

Hence the orbit S.^ ^ • e is minimal if and only if ti = • • • = t^ = 0, where we note 

that T,^(5j,j^ ... j^ • e) = R{4, • • • ,^1} because of b = {0}. That is, the orbit 5t,j^,...,4 -p 
is minimal if and only if p = e. Thus the orbit S^j^ ... 7 -action posseses the only minimal 
orbit 5'[,T ... I -e. This completes the proof. q.e.d. 

From this proposition, we obtain the statement of Theorem C. At the end of this paper, 
we propose the following question. 

Question. Is any complex hyperpolar action without singular orbit on a symmetric space 
of non-compact type orbit equivalent to either the S\,-action (b C a) as in Example 1 
or the St,,ii,- ,if.-action (k :a one dimensional subspace of gx^ (i = I,--- ,k), b C a0 
Spanji^Ai I ^ = 1) ■ ■ ■ ) k}) as in Example 2 ? 
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